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Background/Motivation

» Many statistical tools to investigate heterogeneous
treatment effects (HTE)/precision medicine goals have
emerged in recent years.

» Weak variation in treatment effects and limited sample sizes
can hinder efforts to capture treatment effect variability.

» Can often be unclear how much models which incorporate
HTE improve upon those that do not incorporate HTE in a
predictive sense.

— In the past 5-10 years, there has been a marked increase in the
use of machine learning methods for estimating individualized
treatment effects.



The NLS Trial (Hu et al. (2021))
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The NLS Trial - CART for treatment effects
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The NLS Trial




Aims

» Goal: Want to compare predictive performance of an HTE
model with the closest “non-HTE" version of the model.

» This will be an overall assessment of whether or not your
statistical modeling approach supports incorporating HTE.
— Similar idea to an overall F-test in linear regression

» We want to be able to apply this predictive evaluation to any
procedure.
— This includes “black box" machine learning methods or other
“Al" tools



Data Structure

» Auvailable dataset: D = {(Y;, A, x;);i=1,...,n}
— Qutcome - Y;
— Randomized treatment assignment A;

A — 1  assigned to “active treatment” group
' 0 assigned to control group

— Vector of covariates - x; = (X1, . . . , Xjp)-
> Potential outcomes: (Y;(0), Yi(1))
» Y;(a) - outcome if individual was assigned treatment a.

Yi=AYi(1) + (1 - A)Yi(0)



Data Structure

» You can think of the (unobserved) treatment effect as:
Yi(1) = Yi(0)

» Our main aim is to examine the extent to which modeling
variation in treatment effect predictive performance.

» To do this, the conditional mean function of Y; will be
useful:

(A x)=E{Y;| Ai = A x; =x}
— AELYI(1) | xi = x} + (1 — AELYI(0) | x; = x),

» For example,
\/i - f(A,',X,') + Ei,



ITE function

» The Individualized treatment effect (ITE) function (or,
conditional average treatment effect (CATE)) is:

H(X,') = E{Y,‘|A,':1,X,'}—E{Y,"A,':0,X,'}
= f(l,X,’)—f(O,X,')

» HTE is present if 6(x;) varies across different values of x;.
» HTE is not present if §(x;) is constant for all x;.

> A statistical model allows for HTE if A(x) is not constant for
all x.



ITE function

» \We are not interested in “testing” whether or not 6(x) is
exactly constant.

— Some HTE is likely to be present in most settings.

» \We are interested in whether allowing for HTE improves the
predictive performance of a statistical model.
— Specifically, we want to determine if there is substantial
evidence that predictive performance is improved.



Overall Strategy

1. Find an “unrestricted estimator” which does not place any
restrictions on the form of the individualized treatment effect
function.

2. Find a “restricted estimator”’ of the conditional mean
function that does not allow for treatment effect variability.

— This will be the estimator that is the “closest” zero-HTE
estimator to the unrestricted one.

3. Choose a loss function that compares predictive performance
of the restricted estimator and unrestricted estimators.

4. Construct a confidence interval for the expected value of this
loss on “future observations'.



Restricted Estimation: Treatment-shifted outcomes

» Under an assumption of no HTE and a constant treatment
effect equal to 7, a reasonable outcome model for continuous
outcomes would be

Yi=f(xi) + AT + e

» f.(x;) can be thought of as a “baseline risk function” when
there is no HTE:

f:(x) = E{Y; | Ai =0,x; = x}
» If we define Z7 = Y; — A7, then

Z,-T = fT(X,') + €.



The 7-adjusted baseline risk estimator

Yi = fr(xi) + AT + e

» \We can estimate f-(x;) in the above model, by fitting a model
with shifted outcomes Z7 = Y; — 7A; and covariates x;

— Treatment assignment should not be included in the
covariates when estimating 7 (x).

» f.(x) - “r-adjusted” baseline risk estimator.



The 7-adjusted baseline risk estimator

Y = f(x;) + AiT + e

» Find the best value 7* of 7 by minimizing

n

. 2
7% = argmin Z (Y,- —TA; — ﬂ(x,-)) )

i=1

» 7* can be thought of as a treatment effect estimate under
the restriction that there is no HTE.



The zero-HTE restricted estimator

> Using 7*, the restricted estimator of the conditional mean
function for Y; is:

B(Ai, xi) = e (%)) + TFA;.

» Using the restricted estimator guarantees that there no HTE
in the fitted model.

» Our procedure is model agnostic and can be applied when
using any complicated nonparametric/machine learning
tool to model f(A,x) or f-(x).

» The restricted estimator g(A, x) can be a very flexible
estimator of the mean function f(A,x). The main restriction is
that the ITE function estimator g(1,x) — g(0,x) is constant.



The zero-HTE restricted estimator

» The restricted estimator can be thought of as a more general
version of a linear model that only has a main effect for
treatment.

» If you are considering a linear model for the unrestricted
conditional mean function

f(A x)=x"8+ Axy,
» Then, the restricted estimator has the form
&(A,x) = x By + Ao,

where ﬁo and 4g are the least-squares estimates for the model:

Y, =x/ B+ Ay + e



[[lustration with Simulated Data
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Predictive Comparison of Restricted and Unrestricted

» Our main goal is to evaluate the predictive performance of
the following two mean function estimators:

— The unrestricted estimator (A, x) which allows for HTE.
— The restricted estimator g(A,x) which has no HTE.

» Consider a “new observation” that one could observe

( Yn—&-la An—l—ly Xn+1)

> Measure the difference in performance of (A, x) and
g(A,x) with a loss function ¢

Enew = g(fc\(xn—&-lv An—i—l)a g\'(Xn-H, An-l-l)a Yn-l—l)-



Loss Function for Comparison

» The most direct loss function is the difference in squared-error
loss:

~ 2
Enew = (Yn+1 - f(xn-l—la An+1; D))
2
- (Yn—i-l - §(Xn+17 An—i—l; D)) .
» One could also consider difference in absolute error or another

measure of interest

Enew =

Yor1 — F(Xni1, Antt; D)‘

—’ Yor1 — 8(Xnt1, Ans1; D)‘



Comparing performance of restricted and unrestricted
estimators

>

We want our measure of comparative predictive performance
to utilize all the data.

While splitting into a training dataset/validation set is
reasonable, this would measure predictive performance for
models built on a smaller dataset (the size of the training set).

Alternative: Construct confidence interval for the quantity
that cross-validation (on the full dataset) best estimates.

According to Bates et al. (2024), this is
Oxy = E{lpew | full dataset}.

Oxy is the expected future loss conditional on the dataset used
to construct estimators



Confidence Intervals for Difference in Performance

> \We want to perform inference on the following expected value
of difference in performance

Oxy = E{lnew | D}.

» Construct a 100 x (1 — «)% confidence interval C,(D) for
Oxy using nested cross-validation techniques

~(ncv)

Ca(D) = E0) " 12\ sel")

» The h-value is defined as the smallest value of « at which
Ca(D) does not contain zero.

» The h-value can be computed with

h=20(|EC) - B(”CV)/\/@)



Confidence Intervals for Difference in Performance

» The h-value is defined as the smallest value of « at which
Ca(D) does not contain zero.

> If we write Co(D) = (La(D), Ua(D)):

h = inf{ozG(O,l):sign(La(D)):sign(Ua(D))}

» The h-value can be computed with

h— 2¢<|é(ncv) - g(ncv)/\/@>



One-sided h-values

» One-sided confidence interval C,(D) = (—00, Usa(D)).

» The one-sided h-value associated with this one-sided
confidence interval is

WD) = inf{a € (0,1) : Una(D) < 0}

A ~ ——(NCV
- ¢<(E(NCV)—b(NCV))/ MSE' )>.



Modified Outcome Methods

» An alternative is to use “modified outcomes’ W:

o Y,'/P{A,':].‘X,'} ifA,':].
"l =Yi/P{A =0 x;} ifA =0.

» The modified outcome W; has expectation equal to 6(x;)
E{Wi | xi} = f(1,xi) = f(0,xi).
» Estimate ITE directly by using W; as outcomes.

» Do not need to estimate conditional mean function for both
treatment arms.



Loss Function for Modified Outcomes

» The restricted estimator in the context of modified outcome
methods is simply:

n
Tpmo = arg min Z(VV, — 72 =W.
T
i=1

> To compare unrestricted f(x; D) and restricted estimators
Tho» use the loss for a “future modified outcome” W, 1:

57<9A(Xn+1;9),717407 Wn+1) = (Wn+1 - @(x,,+1;D))2

— (Wn+1 — 7',’\*/,0) 2.



Loss Function for Modified Outcomes

» The restricted estimator in the context of modified outcome
methods is simply:

n
Tpmo = arg min Z(VV, — 72 =W.
T
i=1

> To compare unrestricted f(x; D) and restricted estimators
Tho» use the loss for a “future modified outcome” W, 1:

57<9A(Xn+1;9),717407 Wn+1) = (Wn+1 - @(x,,+1;D))2

— (Wn+1 — 7',’\*/,0) 2.



Loss Function for Modified Outcomes

» You can show that
fxy = E{Z(é(x 1 D), o, W+1>’D}

- {stane i) o)
- e{ ot ric) o).



Simulations

» The main thing we want to verify is that the confidence
intervals for performance difference have good coverage
across a range of scenarios.

» h-values should not be consistently small in cases with no
predictive advantages of HTE.

» The second thing we would want is to have reasonable power
to detect cases where incorporating HTE does improve
predictive performance.



Simulation 1: A Linear Model

» Generated outcomes Y; from the following model

Yi = Bo + Bixi1 + Baxia + B3A; + BaAixin + BsAixiz + €
» Setting A: B4 =0 and 85 =0, (no HTE)
» Setting B: B4 = 0.5 and 5 = —2, (HTE is present)



Simulation 1: Setting A

n Simulation Method Oxy  Coverage Median
Setting Proportion  h-value

100 A linear 0.022 0.986 0.637
Lasso 0.012 0.980 0.838

boosting 0.017 0.992 0.657

500 A linear 0.004 0.986 0.609
Lasso 0.001 0.972 0.871

boosting  0.006 0.980 0.432




Simulation 1: Setting B

n Method Oxy  Coverage  Median
Proportion  h-value
100 linear -1.10 0.950 0.001
Lasso -1.25 0.952 0.002
boosting -1.08 0.948 0.001
500 linear -1.07 0.954 < 0.001
Lasso -1.13 0.964 < 0.001
boosting -1.05 0.950 < 0.001




Simulation 2: Nonlinear Conditional Mean Function

» Generated outcomes Y; from the following model
Yi = p(x;) + Aif(x;) + €,
Three possible choices of baseline risk function u(x;).
Four possible choices of ITE function 6(x;).

>
>
» ITE functions 03(x) and 64(x) exhibit HTE.
>

For example,

1
us(x;) = 2(X12+X2+X32—I-X4+X§+X6+X72+Xg+xg—11),

93(X,’) = 2+0.1/{1+exp(—x,-2)},



Simulation 2 Results (Linear Regression)

n = 500
w(-) 0(-) Oxy  Coverage Cl  Median*
Proportion ~ Width  h-value
1 01 2.262 0.992 13.919 0.773
11 n 4.709 0.974 36.289 0.714
723 01 0.019 0.986 0.105 0.781
142 04 -0.182 0.984 7.818 0.477
143 01 0.019 0.990 0.105 0.785
143 04 -0.104 0.984 8.415 0.488
n = 2000
1 01 0.236 0.992 1.418 0.771
1 04 -0.694 0.984 4.342 0.280
42 01 0.002 0.992 0.009 0.799
42 04 | -1.139 0.970 1.412 0.001
143 01 0.002 0.990 0.009 0.794
143 0, | -1.138 0.954 1.387 0.001




Simulation 2 Results (Boosting)

n = 500
w(-) 0(-) Oxy  Coverage Cl  Median*
Proportion ~ Width  h-value
p1 61 0.359 0.984 7.283  0.646
1 04 1.283 0.972 24508  0.615
2 61 0.001 0.984 0.033  0.510
2 04 | -0.433 0.982 6.064  0.425
us 61 0.001 0.978 0.040  0.525
u3 04 | -0.184 0.978 6.337  0.480
n = 2000
1 01 0.037 0.992 0.713 0.642
1 04 -0.958 0.980 3.431 0.154
o 61 0.000 0.980 0.003  0.358
2 04 | -0.966 0.968 1.137 < 0.001
us 01 0.000 0.990 0.003  0.342
u3 04 | -0.764 0.956 1.180  0.005




Application: The IHDP Study

» The Infant Health and Development Program (IHDP).

» This program was a randomized trial focused on evaluating
different interventions for low-birthweight premature infants.

» Treatment group received high-quality child care and home
visits from a trained provider at eight clinical sites.

» Qutcome: measure of cognitive performance at 36 months.
> n =908

» p=10



Application: The IHDP Study (h-values)
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The IHDP Study (Partial Dependence Plots)

» Plotting partial dependence functions is a useful way to the
role of certain covariates.

» For the conditional mean function f(A,x), we define the
partial dependence function for covariate k at (a, u) for the
unrestricted estimator, as

Zf (u,xi,—k); D),

» The notation (x; _k, u) denotes the vector where xj = u and
the remaining covariates are set equal to their observed values.
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Concluding Points

» Coverage based on this nested cross-validation procedure is
quite good for most procedures, but could potentially be
improved with other approaches.

» As of now, this approach applies to continuous outcomes
(extensions to binary or survival outcomes would be useful).

» Description and evaluation of our approach focused on
randomized treatment assignment. Extensions to observational
settings should be straightforward, but have not been done yet.
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